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1. Generalities



Paul J. Flory

1953




Definitions



Lattice

A transitive, locally -finite, infinite graph.

L = (V,E)




Examples









L] e [T






Walk

A sequence Y = (70,715 -+ +»7n) € V such that

-~

Vi, vit1} €E Vi




Self-avoiding Walk

A walk 7Y suchthat,if 7¥i = 7V ,theni=j.



Self-avoiding Polygon

A self-avoiding walk Y suchthat, 70 = T»
andif Yi = 775 then 1 =35 or 0 =n.



Self-avoiding Bridge

A self —avoiding walk 7Y such that,
Yo.-€1 < Yi.-€e1 X Yn.€1 for i=1,...,n.



Notations



Self-avoiding Walk

SAW, -The set of self-avoiding walks of length 72.
c, = |SAW,|



Self-avoiding Polygon

S AP, - The set of self—avoiding polygons of length 7.
0 = |rer:Ug



Self-avoiding Bridge

S AB,, - The set of self-avoiding bridges of length 1.
b, = |SAB,]|-



Questions



Perspective?



Cc>mbinatc:rv;mbability



Whatisc,?



Depends on the lattice...



cn(Z') = 2.



Tq) = (d+1)d" .




cn(Z7)



No Formulal







No Formulal




Numerical Estimations



2
cn(Z?) ~ 4.19--- x 10%



6105( ‘) ~ 5.00-:- X 1028



Exponential Growth



d" < cp(Z%) < 2d(2d — 1) !



What is the rate of
growth?



Proposition 1.1

Hammersley, 1954

Forany [,
lim ¢)/" = te(IL):-

n—oo



Fekete's Lemma

Let (a,),>1 b€ a subadditive sequence.
Then:

. 7% . an
Iim — = inf — -
n—oo N n>1 N



n

—>  Cptk S Cp. C

—>  (Inc,),>1 subadditive.

Fekete’s Lemma. , In Cn, , In Cn,
» lim = inf
n—oo N n>1 n
. 1/n . 1/n
—>  lim cn/ — el cn/ — lhy

n— 00 n>1




Corollary 1.2

e i vn > 0.



Connective Constant



Examples



NC(Zl) =1



pe(Tq) = d



we(Ladder) =

¥
9






More Examples?!



Not Availablel




h
e'Good Example






Theorems



Theorem 1.3

rHammersley-Welsh, 1962

On Zd, there exists a constant ¢ > () such that:



Corollary 1.4

He = [b-



Remark

Hammersley-Welsh theorem works on the hexagonal lattice.



Proposition 1.5

O
Z ¢,z Then, the convergence radius of (F is e
Pe

Let G(x)

n=0



2. Hexagonal Lattice



Conjecture 2.1

rBernard Nienhuis, 1982

e (H) = \/2 + V2.



Theorem 2.2

rHugo Duminil-Copin, 2012,

pe(H) = \/2+\/§.



Proof



Complex Plane



Holomorphic Functions



Discrete Holomorphic
Functions



Simply Connected
Domain



Discrete Simply
Connected Domain



Dual Lattice






Definition



Domain

The interior of a self-avoiding polygon on the dual lattice.






Fix a mid-edge a € 0%



Definition

For mid-edge z € 2 U 02,

F(z) = Faaz0(2) := Z exp|—ioW, (a, 2)]z".

v:a—> 2, yCS)
Where,

W.(a,z) = g(#L — #R).



Lemma 2.3

5!
Let o= 3 and r = . Then, forany v € 2 , and the

V2 + /2

adjacent mid-edges p,q,r

(p—v)F(p) + (g —v)F(q) + (r —v)F(r) = 0.







How to interpret?



Discrete Holomorphic
Functions



Morera’'s Theorem






True for the F'!



How?



Contour C

A self-avoiding polygon on the dual lattice.



Iy

fo

f1

f2



Discrete Integration

k

j[CF(z)dz = Z(fz‘ﬂ — [i)F(z:)

1=0



(p _ ’U) [F(p) 4 62i7r/3F(q) 4 64z'7r/3F(,r)] — 0






(- )[E(p) + e*™°F(q) + ¥ F(r)] = 0






Proof of Lemma 2.3



Lemma 2.3

5!
Let o= 3 and r = . Then, forany v € 2 , and the

V2 + /2

adjacent mid-edges p,q,r

(p—v)F(p) + (g —v)F(q) + (r —v)F(r) = 0.




Definition

For mid-edge z € 2 U 02,

F(z) = Faaz0(2) := Z exp|—ioW, (a, 2)]z".

v:a—> 2, yCS)
Where,

W.(a,z) = g(#L — #R).



Notation

(p—v)F(p) + (g—v)F(@) + (r—v)F(r)= >  C(y);

v:a—{p,q,r},7C

C(7) = (v — ) lamiahl,



Walks that meet all 3



Cn) = (g —v)e =g

6z'27r/3 (p . v)e—iawy(a,p)e—ia(4w/3)m\’71| :

C(v3) = (r — v)e Wnlar) gl

= 67’47‘-/3 (p . v)e_io-w’)’(a’ap)6_7:0-(_477/3)5[;h’ll ]



C(’Yl) 4 0(72) _ ( . .)(ei27r/3 eic747r/3 4 e—i27r/3 e—z’a47r/3)

. .)(ZCOS( = J%’))

:(...(2cos(2?jT a Z 4;)))=0.




Walks that meet either 2
or 1



C(11) + C(72) + C(vs3)

—24— 10>

. 27

= C(71)(1+ze "3e"3 + ze "3e 73)




Proof of Theorem 2.2



Theorem 2.2

rHugo Duminil-Copin, 2012,

pe(H) = \/2+\/§.



Compute explicitly?



Domain



From now on,




Step 1.

pe(H) < \/2+\/§.









Top



fii—fi=1 Vi,
W.(a,z;)) =0 Vi.




Bottom



firi — fi=—1 Vi,
F(a) =1,

3 F(z):cos(%”) ) I G

z€bot,z#a v:a—bot\{a},yCS2 \/2 + \/5




Sides



!

fis1 — fi=e ™3, Vi,
W.(a,z;) = —27/3, Vi.

— (fi1 — fi)e —ioW,(a,2:) 17l — o—mi/4,. 11

fivi— [ = 6271'2'/3, V7,
WW(CL Zj) — 27‘(‘/3 \V/]
— (fis1 — fi)e —ioWy(a,25) plvl — omi/4,. 101

F(z)dz= Y  acos(nr/4) > 0.

sides ~v:a— stdes,yC S



Therefore



B} —1 — cos(57/8) Ay + / F(z)dz=0

sides

e BZW—I—COS(:?)?T/S)AIW—I—/ F(z)dz = 1.

sides



Br := lim By .

W —o0

— DBr <1, VT.



= bnén\/2+\/§n

—  pp = lim b/" < \/2+\/§11m nl/":\/2—|—\/§.

n—o0 n—oo

Hammersley-Welsh L \/2 . \/5



Step 2.

\/2+x/§ < pc(H).









Top



r Z ( 1 )hlo
y:a—top,yCS \/2 —+ \/§

/\

| /to F(z)dz



Bottom



/ F(2)dz — (£27/3¢—5/8(~4n/3)) | (o=2mi/3¢~i5/8(4/3))
bot\{a}
= 2cos(27/3 + bm/6)

= 2o 0n 2 ()

bot



Therefore



= 0
/ F(2)dz = /top F(z)dz—1
C

F(z)dz =1
— top

)|7| > 1.
( V2
— %%;fycﬂ \/2 —+

v:a




>Z Z ( 1 )\’vl

\/2+\/_ ;.\ >
o0
SHE
A 1|
Proposition 1.5 1 1

\/2_1_\/5 He

— \/2 ' \/5 < /*LC(H)‘




To Sum UP
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