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1. Generalities



1953
Paul J. Flory



Definitions



Lattice
A transitive, locally-finite, infinite graph.



Examples







Ladder





Walk
A sequence                                                     ,  such that



Self-avoiding Walk
A walk      such that, if                     , then           ..



Self-avoiding Polygon
A self-avoiding walk       such that,                 ,  
and if                   then               or             .           



Self-avoiding Bridge
A self-avoiding walk       such that,                  
                                                    , for                            . 



Notations



Self-avoiding Walk
                = The set of self-avoiding walks of length     .  

                               ..



                = The set of self-avoiding polygons of length     .  

                               .

Self-avoiding Polygon



                = The set of self-avoiding bridges of length     .  

                               .

Self-avoiding Bridge



Questions



Perspective?



Combinatorics 
VS                        Probability



What is    ? 



Depends on the lattice…









No Formula!





No Formula!



Numerical Estimations







Exponential Growth





What is the rate of 
growth?



Proposition 1.1
]Hammersley, 1954[

For any        , 
                                                                        . 

                                                                  



Let                 be a subadditive sequence. 

Then: 

                                                                    .

Fekete’s Lemma



Proof

subadditive.

Fekete’s Lemma.



Corollary 1.2



Connective Constant



Examples











More Examples?!



Not Available!



The Good Example…
Only





Theorems



Theorem 1.3
]Hammersley-Welsh, 1962[

On        , there exists a constant                 such that:                                                                  



Corollary 1.4



Hammersley-Welsh theorem works on the hexagonal lattice.

Remark



Let                                      . Then, the convergence radius of        is         . 

Proposition 1.5



2. Hexagonal Lattice



Conjecture 2.1
]Bernard Nienhuis, 1982[

                                          
                                            



Theorem 2.2
]Hugo Duminil-Copin, 2012[

                                          
                                            



Proof



Complex Plane



Holomorphic Functions



Discrete Holomorphic 
Functions



Simply Connected 
Domain



Discrete Simply 
Connected Domain



Dual Lattice





Definition



Domain
The interior of a self-avoiding polygon on the dual lattice.





Fix a mid-edge          .



Definition
For mid-edge                                , 

Where,



Lemma 2.3
Let                    and                                   . Then, for any               , and the 

adjacent mid-edges                 :





How to interpret?



Discrete Holomorphic 
Functions



Morera’s Theorem





True for the F !



How?



Contour
A self-avoiding polygon on the dual lattice.



C



Discrete Integration 





C







Proof of Lemma 2.3



Lemma 2.3
Let                    and                                   . Then, for any               , and the 

adjacent mid-edges                 :



Definition
For mid-edge                                , 

Where,



Notation



Walks that meet all 3







Walks that meet either 2 
or 1





Proof of Theorem 2.2



Theorem 2.2
]Hugo Duminil-Copin, 2012[

                                          
                                            



Compute explicitly?



Domain



From now on,
, .



Step 1.



T

W





Top





Bottom





Sides



:

:



Therefore







Hammersley-Welsh



Step 2.



T





Top





Bottom





Therefore





Proposition 1.5



To Sum UP



Thanks
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